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Nuclear-spin-dependent (NSD) parity violating effects are studied for a number of diatomic
molecules using relativistic Hartree-Fock and density functional theory and accounting for core
polarization effects. Heavy diatomic molecules are good candidates for the successful measurement
of the nuclear anapole moment, which is the dominant NSD parity violation term in heavy elements.
Improved results for the molecules studied in our previous publication [Borschevsky et al., Phys.
Rev. A 85, 052509 (2012)] are presented along with the calculations for a number of new promising
candidates for the nuclear anapole measurements.
PACS numbers: 37.10.Gh, 11.30.Er, 12.15.Mm, 21.10.Ky
I. INTRODUCTION
The parity (P )–odd and time (T )–even nuclear anapole
moment originates from the second-order term in the
multipole expansion of the magnetic vector-potential to-
gether with the P– and T– violating magnetic quadrupole
moment [1]. It provides the dominant contribution to the
nuclear-spin-dependent (NSD) parity violating (PV) ef-
fect in atoms and molecules [2]. The corresponding term
in the Hamiltonian arising from this NSD PV electron-
nucleus interaction for a single electron is (atomic units
are used throughout)
HA = κNSD
GF√
2
α · I
I
ρ(r), (1)
where κNSD is the dimensionless strength constant, GF =
2.22249 × 10−14 a.u. the Fermi coupling constant, α is
the vector comprised of the conventional Dirac matrices,
I is the nuclear spin, r is the displacement of the valence
electron from the nucleus, and ρ(r) is the (normalized)
nuclear density. The nuclear anapole moment contribu-
tion to the NSD interaction requires nuclear spin I 6= 0
and in a simple valence model has the following value [3]
κA = 1.15× 10−3
( K
I + 1
)
A2/3µmgm, (2)
Here, A is the number of nucleons, K = (−1)I+ 12−l(I +
1/2), l is the orbital angular momentum of the ex-
ternal unpaired nucleon, i.e. m = n, p; µp = +2.8,
µn = −1.9. Theoretical estimates give the strength
constant for nucleon-nucleus weak potential gp ≈ +4.5
for a proton and |gn| ∼ 1 for a neutron [4]. Since the
nuclear anapole moment contribution to the NSD inter-
action scales with the number of nucleons, κA ∼ A2/3,
it becomes the dominant contribution in spin-dependent
atomic parity violation effects for sufficiently large nu-
clear charge Z [2, 3]. Two other contributions to the
NSD interaction arise from the electroweak neutral cou-
pling between the electron vector and the nucleon axial-
vector currents (VeAN ) [5] and from the nuclear-spin-
independent weak interaction combined with the hyper-
fine interaction [6].
The nuclear anapole moment was experimentally mea-
sured in the 133Cs atom in 1997 [7], following a proposal
by Flambaum and Khriplovich [2]. Further anapole mea-
surements are however required to provide accurate val-
ues for the gp and gn constants, thus obtaining important
information about hadronic weak coupling.
In Refs. [8–10] it was shown that the nuclear spin-
dependent parity violation effects are enhanced by a fac-
tor of 105 in diatomic molecules with 2Σ1/2 and
2Π1/2
electronic states due to the mixing of close rotational
states of opposite parity (Ω-doublet for 2Π1/2). These
systems are thus advantageous for measurement of the
NSD parity violation effects, and should provide data on
anapole moments for many heavy nuclei. Two exper-
imental proposals for using diatomic molecules to mea-
sure NSD parity violation effects were published in recent
years [11, 12], and the corresponding experiments have al-
ready began. An additional experiment of precision spec-
troscopy of the cooled SrF molecule is conducted at the
University of Groningen [13]. Diatomic positive molec-
ular ions also experience the enhancement of the NSD
PV effects, and have an additional experimental advan-
tage of being easy to trap and study at low temperatures
[14]. An experiment to cool diatomic molecular ions in
the 2Σ1/2 ground state for measurement of PV effects is
currently attempted at the Northwestern University [15].
A number of theoretical investigations of the NSD par-
ity violation in neutral diatomic molecules have been
published in recent years, using both semiempirical
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2[11, 16–18] and ab-initio [12, 19–23] methods. These
calculations focused on obtaining the NSD P-odd in-
teraction constant WA that is necessary to relate the
experimental measurements to the κA constant arising
from the NSD PV interaction within the nucleus [24]. In
two recent publications we presented Dirac Hartree-Fock
(DHF) and relativistic density-functional (DFT) calcula-
tions of the WA factor of a variety of neutral diatomic
molecules [25] and diatomic positively charged molecu-
lar ions [26]. Here we present improved calculations of
the WA factor for the molecules discussed in Ref [25],
obtained using a more accurate treatment of the finite
nuclear size and the basis sets. In addition, we present
the WA parameters for a number of systems which have
not been previously studied in the context of NSD PV,
namely group 3 oxides, group 4 nitrides, and group 14
fluorides.
II. COMPUTATIONAL DETAILS
For 2Σ1/2 and
2Π1/2 electronic states considered, the
interaction (1) can be replaced by the effective opera-
tor, which appears in the spin-rotational Hamiltonian
[10, 11],
HeffA = κNSDWA
(n× S′) · I
I
, (3)
where S′ is the effective spin and n is the unit vector
directed along the molecular axis from the heavier to the
lighter nucleus. The electronic factor WA is found from
evaluating the matrix elements of the αρ(r) operator in
the molecular spinor basis [27]. The 2Σ1/2 and the
2Π1/2
open-shell electronic states are two-fold degenerate, cor-
responding to the two possible projections of electronic
angular momentum along n, i.e. |Ω〉 = |± 12 〉. When oper-
ating within this degenerate space, the operator GF√
2
αρ(r)
is equivalent to WA(n×S′) (Eq. (3)). Time-reversal sym-
metry ensures that only the matrix elements that are off-
diagonal in Ω are non-vanishing. This symmetry rule is
encapsulated within the effective operator HeffA by the
angular factor (n× S′). Here the effective spin S′ gener-
ates rotations in the degenerate subspace analogously to
the usual spin operator S in a spin-1/2 system.
The calculations were carried out within the open-
shell single determinant average-of-configuration Dirac-
Hartree-Fock approach [28] and within the relativis-
tic density functional theory [29], employing quaternion
symmetry [30, 31]. A finite nucleus, modeled by the
Gaussian charge distribution was used [32]. In the DFT
calculations we used the Coulomb-attenuated B3LYP
functional (CAMB3LYP*), the parameters of which were
adjusted by Thierfelder et al. [33] to reproduce the PV
energy shifts obtained using coupled cluster calculations
(the adjusted parameters are α = 0.20, β = 0.12, and
µ = 0.90). All the calculations were performed using the
DIRAC12 program package [34].
TABLE I. Basis sets employed in the calculations of the WA
constants. All elements with Z > 15 are described by the
Faegri basis sets [37] augmented by high exponent, diffuse,
and high angular momentum functions.
Atom Z Basis Set
N 7 aug-cc-PVTZ
O 8 aug-cc-PVTZ
F 9 aug-cc-PVTZ
Mg 12 aug-cc-PVTZa
Si 14 aug-cc-PVTZa
Ca 20 20s18p9d6f 1g
Sc 21 19s17p10d7f 2g
Ti 22 21s16p10d7f 2g
Zn 30 21s19p10d7f 2g
Ge 32 20s20p11d8f 2g
Br 35 21s20p10d10f 1g
Sr 38 21s20p12d9f 2g
Y 39 21s20p12d9f 2g
Zr 40 21s20p12d9f 2g
Cd 48 22s20p12d9f 2g
Sn 50 21s21p12d9f 2g
Ba 56 24s22p15d10f 2g
La 57 24s22p14d10f 2g
Yb 70 26s21p14d10f 2g
Hf 72 25s22p16d10f 2g
Hg 80 25s21p15d10f 2g
Pb 82 25s22p16d10f 2g
Ra 88 26s23p16d11f 2g
Ac 89 26s24p16d11f 2g
a augmented by 2 high exponent s and 4 high exponent p
functions.
For the lighter elements (N to Si), the aug-cc-pVTZ
basis sets were used [35, 36], all in their uncontracted
form, as it is important to have maximum flexibility of
the wavefunction in the region close to the nucleus. For
the rest of the atoms, we employed the Faegri’s dual fam-
ily basis sets [37]. As a good description of the electronic
wave function in the nuclear region is essential for obtain-
ing reliable results for parity violating properties [38], we
augmented the basis sets with high exponent s and p
functions, which brings about an increase of around 10%
in the calculated values of WA. The basis sets were in-
creased, both in the core and in the valence regions, to
convergence with respect to the calculated WA constants.
The final basis sets can be found in Table I.
Where available, experimental bond distances Re were
used. For molecules where Re is not known experimen-
tally we optimized the bond distance using the relativistic
coupled cluster approach with single, double, and per-
turbative triple excitations, CCSD(T) [39]. To reduce
the computational effort, we employed an infinite order
two-component relativistic Hamiltonian obtained after
the Barysz–Sadlej–Snijders (BSS) transformation of the
Dirac Hamiltonian in a finite basis set [40, 41]. Our calcu-
lated Re are typically within 0.01 A˚ of the experimental
values, where available.
In our previous work [25] we have examined and
3compared various schemes for adding electron correla-
tion to the Dirac–Hartree–Fock WA values, and core-
polarization contributions to the DFT results. Here, we
correct the calculated DHF and DFT WA for core polar-
ization using a scaling parameter, KCP. This parameter
is obtained from atomic calculations as described in the
following.
The main contribution to the matrix elements of
the NSD interaction for the valence molecular electrons
comes from short distances around the heavy nucleus,
where the total molecular potential is spherically sym-
metric to very high precision, and the core of the heavy
atom is practically unaffected by the presence of the sec-
ond atom, justifying our use of the atomic model. The
molecular orbitals of the valence electron can thus be ex-
panded in this region, using spherical harmonics centered
at the heavy nucleus,
|ψv〉 = a|s1/2〉+ b|p1/2〉+ c|p3/2〉+ d|d3/2〉 . . . (4)
Only s1/2 and p1/2 terms of this expansion give signif-
icant contribution to the matrix elements of the weak
interaction. These functions can be considered as states
of an atomic valence electron and are calculated using
standard atomic techniques in two different approxima-
tions: one that includes electron correlation and another
that does not.
The single electron DHF Hamiltonian is given by
Hˆ0 = cα · p+ (β − 1)c2 − Z
r
+ Ve(r), (5)
where α and β are the Dirac matrices and Ve(r) is the
self-consistent DHF potential due to atomic electrons.
The self-consistent DHF procedure is first performed
for the closed shell ion, from which the valence electron is
removed. Then the core potential V N−NvDHF is frozen and
the valence s1/2 and p1/2 states are calculated by solving
the DHF equation for the valence electron,
(Hˆ0 − v)ψv = 0, (6)
where Hˆ0 is given by (5).
The core polarization can be understood as the change
of the self-consistent DHF potential due to the effect of
the extra term (the weak interaction operator HˆA) in
the Hamiltonian. The inclusion of the core polarization
in a self-consistent way is equivalent to the random-phase
approximation (RPA, see, e.g. [42]). The change in the
DHF potential is found by solving the RPA-type equa-
tions self-consistently for all states in the atomic core,
(Hˆ0 − c)δψc = (−HˆA + δVA)ψc. (7)
Here, Hˆ0 is the DHF Hamiltonian (5), index c enumer-
ates the states in the core, δψc is the correction to the
core state c due to weak interaction HˆA, and δVA is the
correction to the self-consistent core potential due to the
change of all core functions. Once δVA is found, the core
polarization can be included into a matrix element for
valence states v and w via the redefinition of the weak
interaction Hamiltonian,
〈v|HˆA|w〉 → 〈v|HˆA + δVA|w〉. (8)
We then obtain the scaling parameter for core-
polarization effects, KCP, from
KCP =
〈ψDHFns1/2 |HˆA + δVA|ψDHFn′p1/2〉
〈ψDHFns1/2 |HˆA|ψDHFn′p1/2〉
. (9)
It should be noted that for the group 14 fluorides we
have only calculated the correlations between the valence
electrons and the core; the correlations between the va-
lence ns and np electrons are not included.
As the final recommended value for the WA parameter
we take an average ofWA(DHF)KCP andWA(DFT)KCP.
The estimate of the accuracy of the final results in our
previous work [25] has shown that it is about 15% for
the molecules in the 2Σ1/2 electronic state and 20-30%
for the 2Π1/2 state.
III. RESULTS AND DISCUSSION
Table II contains the WA constants obtained for neu-
tral molecules, where other theoretical results are avail-
able. To the best of our knowledge this table sums up all
the existing calculations of the WA parameter for neu-
tral diatomic molecules. These systems were discussed
in our earlier publication [25]; however our improved re-
sults presented here are are lower than the values shown
in Ref. [25] due to the more accurate treatment of the
finite nuclear size and a better treatment of the basis set.
This decrease is only 5% for the lighter systems but up
to 20% for the heaviest ones. The contribution of corre-
lation on the DFT level to the calculated WA constants
is very small, and for the majority of the molecules con-
sidered here it is less than 10%.
For MgBr, SrF, ZrN, BaF, LaO, YbF, HgF, and PbF
a number of semiempirical calculations were performed
[11, 16–18]. For the lighter systems our WA constants
are about 10-20% lower than the semiempirical values,
for HgF and PbF our values are higher. This discrepancy
requires still some future attention and will be resolved
only if a more a accurate electron correlation treatment
becomes available. There is already progress in this di-
rection [45].
Our uncorrelated DHF values are in very good agree-
ment with those from Refs. [19–21, 23]. In particular, the
recently published quasirelativistic two-component zero-
order regular approximation (ZORA) HF WA constants
for group 2 fluorides [23] do not differ by more than a
few percent from the values obtained here. This shows
that the performance of the ZORA approximation com-
pared to the 4-component Dirac Hamiltonian is indeed
very good for the properties studied here. Ref. [23] is
4TABLE II. Internuclear distances Re (A˚) (experimental, Ref. [43], unless referenced otherwise), core-polarization scaling
parameters KCP , the P -odd interaction constants WA (Hz) obtained using DHF and DFT methods, and the final recommended
values, WA(Final), compared to earlier results.
Z Re (A˚) KCP WA (Hz) Previous results
DHF DFT Final WA (Hz) Method Ref.
MgF 12 1.750 1.2 3.84 4.36 4.92 3.9 ZORAa+HF [23]
4.9 ZORA+DFT(B3LYPb) [23]
CaF 20 1.967 1.3 8.03 8.23 10.6 8.0 ZORA+HF [23]
9.2 ZORA+DFT(B3LYP) [23]
MgBr 35 2.360 1.2 8.24 17.4 16.2 18 Semiempirical [11]
SrF 38 2.075 1.3 40.7 39.0 51.8 65 Semiempirical [11]
39 ZORA+HF [23]
46 ZORA+DFT(B3LYP) [23]
ZrN 40 1.696 1.2 60.0 54.0 68.5 99 Semiempirical [11]
BaF 56 2.162 1.3 112.9 111.6 146.0 164 Semiempirical [11]
135 DHF [21]
160 4c-RASCIc [21]
111 RECP+ SCFd [20]
181 RECP+ SCF+EOe [20]
175 RECP+RASSCF+EOf [20]
210-240 Semiempirical [18]
111 ZORA+HF [23]
119 ZORA+DFT(B3LYP) [23]
190 Scaled ZORA+HFg [23]
LaO 57 1.825 1.2 149.4 146.0 180.2 222 Semiempirical [11]
YbF 70 2.016 1.2 466.5 494.0 576.3 729 Semiempirical [11]
484 RECP+SCF [19]
486 RECP+RASSCF [19]
634 RECP+RASSCF+EO [44]
465 ZORA+HF [23]
610 Scaled ZORA+HF [23]
HgF 80 2.025h 1.1 3024.7 2724.5 3162.1 2700 Semiempirical [18]
PbF 82 2.078 1.1 −1139.9 −1167.6 −1269.1 −720 Semiempirical [17]
−950±300 Semiempirical [16]
−990 RECP+SODCIi [22]
RaF 88 2.255f 1.2 1363.9 1371.4 1641.2 1300 ZORA+HF [12]
1420 ZORA+DFT(B3LYP) [23]
2100 Scaled ZORA+HF [23]
a Quasirelativistic two-component zero-order regular approximation
b B3LYP functional
c Fully relativistic restricted active space configuration interaction method.
d Relativistic effective core potential (RECP) combined with SCF
e RECP combined with SCF and an effective operator to account for core-valence correlations.
f RECP combined with restricted active space SCF approach and an effective operator to account for core-valence correlations.
g Scaled by a semiemprirical parameter to estimate spin-polarization contribution
h CCSD(T), present calculations
i RECP combined with spin-orbit direct configuration interaction
also the only other publication where the DFT approach
was used. The slightly larger (compared to the difference
between the HF results) discrepancies between our DFT
values and those from Ref. [23] can be attributed to a
different choice of functional.
Our final results, corrected for the core polarization
contribution, can be compared to the values obtained in
Refs. [20, 23, 44]. In Refs. [20, 44], the authors cor-
rect for the core polarization contribution by introducing
an effective operator (EO), formed in the framework of
the atomic many-body perturbation theory. This method
was applied to the BaF and the YbF molecules, increas-
ing the calculated WA constant by 70% and by 30%,
respectively, compared to the SCF values. The second
attempt to correct for the core polarization contribution
is from Ref. [23], where a scaling parameter derived from
a semiempirical molecular model of Kozlov [46] was ap-
plied to the HF WA constants of BaF, YbF, and RaF,
also increasing their magnitude. The results obtained us-
ing the two approaches are in very good agreement with
each other. Our final values are lower by about 20% com-
pared to those of Refs. [20, 23, 44], as the magnitude of
the scaling parameters used in this work is 1.1-1.3. Over-
all, our results are in good agreement with the majority
of the previous investigations.
Table III contains the recommended WA parameters
5TABLE III. Internuclear distances Re (A˚) (experimental, Ref.
[43], unless referenced otherwise), core-polarization scaling
parameters KCP , the P -odd interaction constants WA (Hz)
obtained using DHF and DFT, and the final recommended
values, WA(Final) for neutral diatomic molecules.
Z Re (A˚) KCP WA (Hz)
DHF DFT Final
Group 3 oxides (2Σ1/2)
ScO 21 1.668 1.2 11.5 10.2 13.0
YO 39 1.790 1.2 54.9 53.6 65.1
LaO 57 1.825 1.2 150.6 147.8 179.0
AcO 89 1.962a 1.2 2007.9 1973.5 2388.9
Group 4 nitrides (2Σ1/2)
TiN 22 1.582 1.2 11.6 10.2 13.1
ZrN 40 1.696 1.2 59.9 53.9 68.3
HfN 72 1.736a 1.2 772.2 715.1 892.4
Group 12 fluorides (2Σ1/2)
ZnF 30 1.766b 1.1 52.1 57.4 60.3
CdF 48 1.991 1.1 220.3 227.4 246.3
HgF 80 2.025 1.1 3024.7 2724.5 3162.1
Group 14 fluorides (2Π1/2)
SiF 14 1.601 1.1 −0.04 −0.05 −0.05
GeF 32 1.745 1.1 −2.74 −3.17 −3.25
SnF 50 1.944 1.1 −30.0 −34.1 −35.3
PbF 82 2.078 1.1 −1139.9 −1167.6 −1269.1
a CCSD(T), present calculations
b Ref. [47]
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FIG. 1. (color online) Scaling of log
(
WA
RW
)
with log(Z) for
the investigated molecules.
for a number of molecules in the 2Σ1/2 ground state
(group 3 oxides, group 4 nitrides, and group 12 fluorides)
and in the 2Π1/2 state (group 14 fluorides). A large frac-
tion of these systems has not been yet investigated in the
context of NSD parity violation, and might be suitable
for future experimental measurements.
The magnitude of WA in the
2Σ1/2 electronic state is
TABLE IV. The Z-exponent a and the prefactor b, derived
from log
(
|WA|
RW
)
as a function of log(Z).
a log(b)
DHF DFT Final DHF DFT Final
Group 2 fluorides 1.80 1.74 1.77 −1.45 −1.35 −1.30
Group 3 oxides 1.98 2.05 2.01 −1.65 −1.78 −1.63
Group 4 nitrides 2.35 2.39 2.37 −2.18 −2.30 −2.16
Group 12 fluorides 2.49 2.28 2.38 −2.12 −1.77 −1.90
Group 14 fluorides 4.67 4.57 4.61 −6.78 −6.56 −6.61
expected to scale as Z2RW [6], where RW is the relativis-
tic enhancement parameter (RW ≥ 1),
RW =
2γ + 1
3
(
aB
2Zr0A1/3
)2−2γ
4
[Γ(2γ + 1)]
2 , (10)
γ = [1− (Zα)2]1/2.
In Eq. (10), aB is the Bohr radius, r0 = 1.2×10−15 m,
and α is the fine-structure constant. In Fig. 1 we plot
log
(
|WA|
RW
)
as a function of log(Z) for the five groups of
dimers studied here. A linear fit for each of the groups
provides us with the Z-exponent a and prefactor b for
|WA| = bRWZa, listed in Table IV for the DHF, DFT,
and the final results. The a and b parameters are in
good agreement for the DHF and the DFT approaches.
For group 2 fluorides and group 3 oxides the scaling is,
indeed, close to Z2, as suggested by Eq. (10). For group
4 nitrides and group 12 fluorides the Z-dependence is
much more advantageous, of Z2.4, due to the filling of
the lower lying d-shell, which expands relativistically and
thus increases the effective nuclear charge, leading to an
enhancement of relativistic and PV effects [48], and an in-
crease of WA. Moreover, even though the group 3 oxides
and group 4 nitrides are isoelectronic, nitrogen is more
electropositive than oxygen, thus increasing the electron
density at the metal atom. This shows the subtle inter-
play of electronic effects in these molecules which should
be further studied.
In the case of group 14 fluorides, the ground state is
2Π1/2, for which the WA parameter vanishes in the non-
relativistic limit, since in this limit it does not contain the
s-wave electronic orbital and can not provide the matrix
element 〈s1/2|αρ(r)|p1/2〉. The effect appears due to the
mixing of the 2Σ1/2 and
2Π1/2 electronic states by the
spin-orbit interaction, which obviously increases with in-
creasing nuclear charge, and gives an extra factor of Z2α2
in the Z-dependence of WA, as seen in Table IV. How-
ever, in this case the prefactor b is four orders of magni-
tude smaller. Nevertheless, it shows that such molecules
should not be discarded for the successful measurement
of the anapole moment.
6IV. CONCLUSIONS
We have obtained the much improved WA parameters
for diatomic molecules from relativistic HF and DFT cal-
culations using corrections for core polarization effects.
The scaling of the WA parameter with the nuclear charge
Z was examined in different groups and found to be ad-
vantageous in group 4 nitrides and group 12 fluorides.
Some of the heavier molecules, such as HgF and PbF,
should be excellent candidates for future NSD PV mea-
surements. The accurate inclusion of electron correlation
within a fully relativistic framework in the calculations
of the WA parameters, which still remains a challenge,
will be the focus of our future work.
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